We study the cosmic censorship of dynamical p-brane systems in a D-dimensional background. This is the generalization of the analysis in the Einstein-Maxwell-dilaton theory, which was discussed by Horne and Horowitz [Phys. Rev. D 48, R5457 (1993)].We show that a timelike curvature singularity generically appears from an asymptotic region in the time evolution of the p-brane solution. Since we can set regular and smooth initial data in a dynamical M5-brane system in 11-dimensional supergravity, this implies a violation of cosmic censorship.
I. INTRODUCTION
The dynamical p-brane solutions in gravity theory were introduced in and have been widely used ever since. However, some aspects of the physical properties, such as curvature singularities and causal structure, have remained slightly unclear. In the present paper, we investigate the cosmic censorship conjecture, aiming to give simpler and more direct demonstrations of the p-brane dynamics near curvature singularities. Our work is the generalization of analysis for the cosmic censorship in Einstein-Maxwell-dilaton theory, which was given by Horne and Horowitz [1] .
The singularities on spacetime that appear due to the existence of time dependence in Einstein-Maxwell theories were studied from several points of view in [31, 32] . In Refs. [1, 33] , a violation of cosmic censorship [34, 35] has been discussed. The other completely consistent calculation for spacetime singularity in Einstein-Maxwell theories was performed in [36] .
In Sec. II, we will review the dynamical p-brane solutions, which have dilaton coupling constants with the same value as static p-brane backgrounds [2, 7, 8, 10, 17, 20, 30] . This is a good illustration to describe p-branes in an expanding universe and also an important example to see the naked singularity of a particular type. These singularities also appear in a variety of Dp-brane configurations of string theory.
We analyze the null geodesics in dynamical p-brane backgrounds and study the causal structure of a dynamical p-brane in detail to examine the cosmic censorship conjecture in Sec. III. We verify that the dynamical p-brane backgrounds generically possess a timelike curvature singularity whose location is far away from the origin of the p-brane. This implies a violation of cosmic censorship. For a vanishing or trivial dilaton such as the dynamical Mbrane and D3-brane system in supergravity, the regular initial data evolve into a spacetime with a naked singularity. Then, we have a violation of cosmic censorship. We will see it for the dynamical M5-brane solution in the 11-dimensional supergravity.
We will discuss that the presence of a p-brane drastically changes the causal structure of the dynamical solution. In particular, it turns out that in the absence of any p-branes, the solution describes a collapsing Friedmann-Lemaître-Robertson-Walker (FLRW) universe with a final spacelike or null singularities. If only one single p-brane is added, these singularities are replaced by a timelike or a null one. Section IV is devoted to summary and discussion.
In Appendix A, we will review the explicit form of the components of Einstein equations.
We will also give the global structure of a static p-brane in Appendix B. In Appendix C, we extend the analysis to include the "massive brane". We provide more details about the Killing symmetries of the solution in the presence of a massive brane background that are obtained in type IIA string theory.
II. DYNAMICAL BRANE BACKGROUNDS
In this section, we will review the dynamical brane systems in D dimensions. We consider a D-dimensional theory which is composed of the metric g M N , the scalar field φ, and antisymmetric tensor field strength of rank (p + 2). The action in D dimensions is given by
where R denotes the Ricci scalar with respect to the D-dimensional metric g M N , κ 2 is the D-dimensional gravitational constant, * denotes the Hodge operator in the D-dimensional spacetime, and F (p+2) is (p + 2)-form field strength, respectively. The constants c , ǫ are defined by
respectively. This is part of the low energy action from string theory in Einstein frame.
The (p + 2)-form field strength F (p+2) is written by the (p + 1)-form gauge potential A (p+1) , respectively:
The solution of dynamical p-brane is given by [7, 8, 10, 13, 17, 20, 30 ]
where η µν is the (p+1)-dimensional Minkowski metric, δ ij is (D−p−1)-dimensional Euclidean metric, respectively, the parameters a, b in the metric (4a) are given by
The function h(x, y) in the D-dimensional metric (4a) can be obtained explicitly as
of the dynamical p-brane background satisfy ξ µ c µ = 0 , there are only p independent vectors for ξ µ .
A. The singularities on time-dependent p-brane background
Now we discuss the causal structure of a dynamical p-brane background where the function h 0 depends only on the time. The solution can be expressed as
where we assume 0 , up to the redefinition of t. So, we will setc = 0 henceforth. We discuss that future null geodesics arrive at the singularity in the finite affine parameter s. Now we consider the null geodesics withż m = 0 , where a dot denotes the derivative with respect to an affine parameter. Then the geodesics in the D-dimensional spacetime (9a)
have to obeyṫ
where the ± denotes for future, past directed outgoing null geodesics, respectively. The geodesic equations for t and r givë
Since it is not easy to solve analytically, we first discuss the radial null geodesics without p-brane. It turns out that the collapsing universe (9) does not create any naked singularities.
When M = 0, the metric (9) becomes
If we define a new coordinate
the metric now takes the form
where the metric δ AB is the spatial part of the p-dimensional Minkowski metric η µν . Since this is simply a collapsing or an expanding FLRW universe, there is curvature singularity at
We next consider the time evolution of universe near the singularity. The behavior of singularity can be analyzed by recalling that the solution of null geodesic equation for M = 0 case.
From (11a), we findẗ
where the parameter a + b satisfies the inequality a
Then we find
where β i (i = 1 , 2) denote constants, and β is defined by
By Eq. (16), the null geodesics hit the curvature singularity at t = 0 in finite affine parameter.
Hence, the background geometry is geodesically incomplete.
The solution of radial null geodesic equation can be also expressed as
where β i (i = 1 , 2) is given in (16), r 0 is constant, and β is defined by (17) .
The Penrose diagram for the spacetime with M = 0 is shown in Fig. 1 . The angular coordinates on S D−p−2 and also p-dimensional worldvolume coordinates have been suppressed.
The spacetime is geodesically incomplete, since radial null geodesics reach singularities at a finite affine parameter value.
Although there is a curvature singularity at t = 0 , the singularity in this solution is spacelike. One way to see this is to note that outgoing radial light rays satisfy (18) , so that as t → 0, r approaches r 0 , as 1 + β > 0 .
Finally we calculate the radial null geodesics numerically in a dynamical p-brane background with M = 0 and c 0 = −1 . We show the motion of radial null geodesics for a 1-brane
The wavy line at t = 0 is the spacelike singularity.
( Fig 2) , 2-brane (Fig 3) , 3-brane (Fig 4) , and M5-brane (Fig 5) , respectively. The left panels The Penrose diagram for the entire spacetime with M = 0, is shown in Fig. 6 . We depict two past directed null geodesics in Fig. 6 . Although the red (dotted) curve hits the naked singularity in finite affine parameter, the orange (bold) line can avoid the singularity. One can note that there is a null hypersurface r = r h (t) in the dynamical p-brane background.
The null geodesics outside of it hit the timelike singularity while the past directed radial null geodesics inside of this hypersurface can reach past null infinity. There is a Cauchy horizon (dot-dash line) in the dynamical p-brane solution (9) . In the domain D + (S) which is inside of a Cauchy horizon H + (S), the null geodesics can pass through the initial surface S and evolves far into the past infinitely.
We will see that the p-brane background changes the causal structure of the dynamical solution without p-brane. When one adds a single p-brane, the spacelike singularity is replaced by a timelike one which is visible to observers in the spacetime. So this solution has a naked singularity. The naked singularity appears first at large r, and the null geodesic cannot be extended beyond r = (−M/c 0 t)
The dynamical p-brane backgrounds in general have a curvature singularity at r = 0 , if the dilaton is non-trivial. The near p-brane geometry is the same as the static one because h(t, r) → h 1 (r) as r → 0 . Then the geometry approaches the static solution. Although we expect that the singularity at r = 0 can be resolved in string theory [37] [38] [39] [40] [41] , the timelike singularity at h = 0 is still left. If the dynamical p-brane background has a horizon geometry, we can regard the present time-dependent solution as a black hole. In fact, we know that Mbranes give black hole spacetimes in the static limit due to vanishing dilaton [10] . From the Eq. (8), the dynamical M-brane background becomes regular at y i = y i l because of the Ricci scalar for the M-brane being constant. Since the perfectly smooth and regular initial data in the far past evolves into a timelike curvature singularity at h = 0, the cosmic censorship is violated in the M5-brane background. 
B. The dynamical p-brane depending on the null coordinate
Here we discuss the radial null geodesics on the dynamical p-brane background whose metric are given by the null coordinates [7, 9] :
where δ P Q is the metric of (p − 1)-dimensional Euclid space, and we assume d Y = 0 . Since the geodesic is null, the geodesic equation yieldṡ
where f is constant. First we study the null geodesic without p-brane. The solution of geodesic equation with M = 0 is given by
r(s) = r 0 ln c where u 0 , r 0 , r 1 are constants . If we set r 0 < 0 , the singularity in this background (19) is not spacelike but null, so that as u → 0, r → ∞ . Hence, observers do not lose causal contact as they approach the singularity. This is an important difference between the solution with M = 0 , and standard FLRW universe with spacelike singularity. Figs. 7 and 8 . Although the evolution of the null geodesic depends on the initial data, the "regular and smooth" initial data in the far past (19) evolves into a spacetime with a naked singularity.
IV. DISCUSSIONS
In the present paper, we have discussed the causal structure and the behavior of the singularity in the dynamical p-brane background which can be viewed as a family of time dependent solutions to the Einstein-Maxwell-dilaton theory [1] . This background gives an example to test cosmic censorship. The dynamical solution in this paper describes an arbitrary number of p-branes or extremal charged black holes in a expanding or contracting universe [10] . The spacetime collapses to a spacelike or null singularity without p-branes.
However, the spacelike or null singularity turns into a naked one if we add a single p-brane.
Hence, regular initial data in the far past evolves into a timelike curvature singularity even if there is only one p-brane. This implies that cosmic censorship fails for the dynamical p-brane background. These results are consistent with the analysis of Horne & Horowitz [1] .
As we have said in section III, the dynamical p-brane backgrounds with non-trivial dilaton have singularities at r = 0 and h = 0 . In the p-brane solutions, the event horizon shrinks down to zero size in the extremal limit. Then there is singularity at r = 0 in the p-brane backgrounds. These solutions describe an extremal black hole in the expanding or collapsing universe [1, 10] . The singularities at h = 0 in the solutions (9) and (19) are generated by the gravitational collapse. If we consider the p-brane solution which moves slightly away from the extremal limit, the spacelike surface r = 0 will become a nonsingular horizon shielding a spacelike or null singularity inside. The slight change of the brane charge does (9) with c 0 < 0 , D − p − 3 ≥ 2 . In both cases, the green line (double line) at h = 0 is the timelike singularity. The dot-dash (purple) line shows the Cauchy horizon H + (S). In the domain D + (S) which is inside of a Cauchy horizon H + (S), the null geodesics passing through the initial surface S evolves far into the past infinitely. We focus on the behavior of null geodesic near the double line. The naked singularity appears first at large r as the time increases. The past directed null geodesics (red line or dotted line) corresponding to the left panel in Figs. 2, 3, 4 , and 5 reach a singularity in finite affine parameter while another past directed null geodesics (orange line or bold line) corresponding to the right panel in Figs. 2, 3, 4 , and 5 never hit the singularity. The difference between them comes from the initial data. We see that the asymptotic behavior of the null curves depends crucially on whether r is inside or outside the Cauchy horizon. If the null curve is outside of the Cauchy horizon, the past directed radial null geodesics always reach the singularity. The dotted (red) line shows that the "regular and smooth" initial data evolves into a timelike curvature singularity. For M-brane, we can set a perfectly smooth and regular initial data. Then, the null geodesics in the dynamical M-brane background hit a timelike curvature singularity at h = 0 . This suggests a violation of cosmic censorship in the dynamical p-brane background.
not modify the solution asymptotically. Since the timelike singularity at large r will be present, nonsingular initial data evolves into a naked singularity. This implies that cosmic censorship is violated in the non extremal p-brane background. However, in order to study whether cosmic censorship fails for this background, we have to construct the non-extremal dynamical p-brane solution.
If the background has the vanishing or trivial dilaton, there is dynamical brane solutions whose have event horizon at r = 0 . Then, we can set smooth initial data evolving into a timelike curvature singularity. In this paper, we present that the cosmic censorship is violated for the dynamical M5-brane system in eleven-dimensional supergravity.
The cosmic censorship [34, 35] , which was supposed long times ago following the recog- nition of the special role of forming the singularity, is violated by the time-dependence of fields in the context of general relativity. However, in the region of the dynamical p-brane near the naked singularity, the curvature of the spacetime becomes very large. Then we have to indeed discuss this issue in the quantum theory of gravity, such as string theory.
Moreover, the string loop correction will be important if observers approach the singularity on the basis of string theory. Hence, we can say very little at this time about the violation of the cosmic censorship in string theory unless higher order string α ′ corrections in the solution is included. In this appendix, we work out the explicit form of the components of Einstein equations for a general metric which is compatible with the expected form of the sought for dynamical p-brane solutions.
For the D-dimensional action (1), the field equations are given by
where R M N , △ denote the Ricci tensor, Laplace operator with respect to the D-dimensional metric g M N , respectively and the constants c , ǫ are defined by
Here N is constant. We will consider general metrics with components depending on not only coordinates of transverse space to p-brane but also worldvolume ones. Hence, the time is not given by
The dynamical p-brane solutions are characterized by function, h, depending on the (D − p − 1)-dimensional coordinates y i transverse to the corresponding brane as well as the
The expression for the field strength F (p+2) , and scalar field φ is given by
where q is the determinant of the metric q µν .
Let us first consider the gauge field Eq. (A1c). Using the assumptions (A3) and (A5), we have
where △ Y is the Laplace operator constructed from the metric γ ij (Y) .
From Eq. (A6) , the function h can be expressed as
Using the assumptions (A3) and (A5), the Einstein equations are reduced to
where we have used (A7).
Substituting ansatz for fields (A5), metric (A3), and the equation (A7) into the equation of motion for scalar field (A1b), we find
Hence if we assume c = 0, and
the field equations are solved with the condition (A7).
Let us consider the case in more detail
where η µν is the (p+1)-dimensional Minkowski metric, δ ij is (D−p−1)-dimensional Euclidean metrics, respectively. The solution for the functions h 0 and h 1 can be obtained explicitly as (6) [7, 8, 10, 13, 17, 20, 30] . Now we introduce a new time coordinate τ by
where we have assumed c 0 > 0, c A = 0 (A = 1, 2, · · · , p) for simplicity. Then, the Ddimensional metric (A3) is given by
where the metric δ AB is the spatial part of the p-dimensional Minkowski metric η µν . If we set h 1 = 0, the scale factor of the p-dimensional space is proportional to τ
D+p−1 , while that for the remaining (D − p − 1)-dimensional space is proportional to τ p+1 D+p−1 . Thus, in the limit when the terms with h 1 are negligible, which is realized in the limit τ → ∞, we have a Kaluza-Klein-type dynamical solution [7, 8, 10, 13, 17, 20, 30] .
Before closing this section, we discuss the dynamical p-brane solution on the exceptional case of c = 0 . For c = 0, the scalar field becomes constant because of the ansatz (A5), and the equation of motion for the scalar field (A1b) is automatically satisfied. The Einstein equations thus reduce to
where Λ is a constant. The transverse space to the p-brane is not Ricci flat, but the Einstein space if Λ = 0 , If q µν (X) = η µν , the function h 0 is no longer linear but quadratic in the coordinates x µ [7, 8, 10, 13] :
where c µ andc are constant parameters.
Here, the function h for the (D − 2)-brane is given by the linear function of r. Then, the D-dimensional spacetime is not asymptotically flat. In string theory, this type of solution is classified as a "massive brane". We will review it in Appendix C . For the (D − 3)-brane, the harmonic function h diverges both at infinity and near the (D − 3)-branes. Since there is no regular spacetime region near the (D − 3)-branes, such solutions are not physically relevant. In this Appendix, we will discuss below only in the case of p < D − 3 .
The geodesic equation (11b) in the static p-brane becomes
This equation can be solved, to get
where α i (i = 1, · · · , 4) are constants, and α is defined by
The singularity is located at r = 0. For α = 1 , the spacetime described by (4a) is geodesically incomplete because a null geodesic reaches it in finite s. Although the null geodesics never reach null singularity in the case of α = 1 and N = 4 , we have to set D > 11 . Hence, there is no solution for α = 1 in string or supergravity theory.
For c 0 = 0 and α = 1 in the limit r → 0, the radial null geodesic equation (11b) gives
for D − p − 3 = 0 , D − p − 5 = 0 , and
for D − p − 5 = 0 . Here, α 1 is given in (16), t 0 , t 1 are constants, and α is defined by (B5).
As 
where c 0 ,c , andĉ are constants .
We consider the Killing symmetry of the p-brane background with the case of D −p −3 = −1. The solution for the Killing equation can be written by
where k µ , l are constant vectors. These vectors obey
We can also find another Killing vector field ξ ,
where the coordinate x a (a = 1, 2, · · · , p) denotes the spatial part of the (p + 1)-dimensional Minkowski spacetime. Since the Killing vector has the norm
the Killing vector is timelike in the case of 0 < h < l
0 , the Killing vector becomes spacelike.
0 , it is null [3] .
